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The north-west corner transfer matrix of an inhomogeneous integrable vertex model constructed 
from the vector representation of U q (sl(2\ly\ and its dual is investigated. In the limit q — * 0, the 
spectrum can be obtained. Based on an analysis of the half-infinite tensor products related to all 
CTM-eigenvalues > —4, it is argued that the eigenvectors of the corner transfer matrix are in one- 
to-one correspondence with the weight state of the U q (si(2|l)J -module V(A2) at level one. This 
is supported by a comparison of the complete set of eigenvectors with a nondegenerate triple of 
eigenvalues of the CTM-Hamiltonian and the generators of the Cartan-subalgebra of U q (si(2|l)) to 
£f>^ • the weight states of V(A<i) with multiplicity one. 
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I. INTRODUCTION 

A variety of models with an underlying <?/(2|l)-symmetry and their anisotropic generalizations with U q (tgl(2\V))- 
invariance (for references see [1] and [2]) has been receiving attention following the introduction of the Perk-Schultz 
model [3] (or supersymmetric t — J model [4]). The model specified in [3] is based on the R-matrix associated to 
1 the three-dimensional vector representation of gl(2\l). Later, models constructed from other gl(2\l)- or U q {gl(2\l)- 
representations have been investigated, among these the generalized supersymmetric Hubbard model related to the 
four-dimensional representation ( [5] and references therein) or a family of "doped Heisenberg chains" involving 
atypical representations [20]. 

More recently, models incorporating various types of inhomogeneities have been considered. These include impurity 
t — J models with the vector representation at one site (or few sites) of the quantum space substituted by a four- 
dimensional representation [7], [8] and periodic inhomogeneities. The latter may be implemented as a staggered 
disposition of the spectral parameter [9] , [10] or both the spectral and the anisotropy parameter [2] . Another possibility 
\ consists in combining several representations in a periodic sequence. In [11], [12] the analysis of a model composed 
of the vector representation of sZ(2|l) and its dual is addressed to by means of the algebraic Bethe ansatz. Using 
the functional Bethe ansatz, the thermodynamic behavior of is extracted from the investigation of a model with the 
C*~) quantum space composed of an alternating sequence of these representations in [13]. 

This study is devoted to an integrable vertex model built from alternating sequences of the vector representation 
W of U q (sl(2\Vj\ and its dual W* in both horizontal and vertical direction. In addition, the model allows for an 
— ^ ■ inhomogeneity in the spectral parameters. Within this arrangement, the north-west corner transfer matrix (CTM) is 
analyzed in the limit q — > 0. Even though this limit does not exist for some elements of the R-matrix acting on IFigiVF* 
or W* <S> W, the elements of the composite R-matrix defined on W ® W* <g> W <g> W* have a well defined limit. Suitable 
boundary conditions provided, corner transfer matrices map horizontal half-infinite sequences of vertical lattice links 
onto vertical half-infinite sequences of horizontal lattice links or vice versa. For vertex model based on quantum affine 
algebras, the corner transfer matrix is diagonal in the limit q — > [23] . Though the structure of the corner transfer 
matrix elements remains nontrivial for the present model at q — 0, the simplification owed to this limit renders the 
■ spectrum accessible. 

For a variety of integrable models associated to quantum algebras, the eigenvectors of the corner transfer matrices 
have been interpreted as weight vectors of level- fc modules of the corresponding quantum affine algebra [14]- [19] . With 
these results, the concept of vertex operators [20] leads to a mathematical description of physical objects such as the 
transfer matrix or N-point correlators [21], [22]. These developments motivate the search for a similar identification 
of the CTM-eigenvectors of the mixed {7 g (sZ(2|l))-model. To this aim, the eigenvectors attributed to each CTM- 

eigenvalue greater than —5 are compared to the weight states of the {7 g (sZ(2|l))-module V(A2) at level one with 
grade greater than —5. The eigenvalues of the generators of the Cartan subalgebra acting on these eigenvectors via 
the infinitely folded coproduct are found in one-to-one correspondence to the weights at a given grade identified with 
the CTM-eigenvalue. Furthermore, all eigenvectors associated to nondegenerate CTM-eigenvalues are related to the 
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weight states of V(A 2 ) with multiplicity one. Relying on these results, a one-to-one correspondence between the 
CTM-eigenvectors and the weight states of the f/ ? (sZ(2|l)) 1 -module is conjectured. A more complete analysis as well 
as a description of the physical picture in terms of vertex operators will be published subsequently. 

The paper is organized as follows. Section II recalls the definition of the quantum affine superalgebra U q (sl(2\l)) 
and the various R-matrices related to the vector representation of U q (sl(2\l)) and its dual. Section III specifies the 
integrable vertex model. In section IV, the Boltzmann weights of the elementary plaquettes composing the lattice 
model are evaluated in the limit q — > 0. The north-west corner transfer matrix for the inhomogeneous model is 
introduced in first part of section V. Its spectrum is investigated in subsections VB-VD. Section VI regards the 
module V(A) and its relation to the half-infinite configurations on the lattice. Some details relevant to subsections 
VC and VD are provided in the appendix. 

II. THE QUANTUM AFFINE SUPERALGEBRA U Q (SL(2\1)) 

The quantum affine superalgebra (sZ(2|l)) is the C-algebra generated by {a, /j, q ±hi , i — 0, 1, 2} with the defining 
relations 



q hi yhj _ 



qhi _ q hi 



\ e i, fj] = ki -i t 1 ) 



and 



fofofi - [2]/o/i/o + fifofo = 

eoe ei - [2]e eje + eie e = for i = 1, 2 (2) 

[2K/1/2/1/0/2 + /2/0/1/2/1 - /2/1/2/0/1 — /1/0/2/1/2 + /1/2/0/2/1 — /2/1/0/1/2) + 

+/0/1/2/1/2 — A/2/1/2/0 — /0/2/1/2/1 + /2/1/2/1/0 = 

[2](eie 2 eie e 2 + e 2 eoeie 2 ei - e 2 eie 2 e ei — eie e 2 eie 2 + eie 2 e e 2 ei - e 2 eie eie 2 ) + 

+e eie 2 eie 2 - e 1 e 2 e 1 e 2 e - e e 2 e 1 e 2 e 1 + e 2 eie 2 eie = (3) 

The super commutator in the last equation of (1) is defined by 

[a,b]=ab-(-iy a ^ba Va, b e U' q (sl(2\l)) (4) 

with the Z 2 -grading | • | : U' q (?l(2\l)) - Z 2 given by | ei | = |e 2 | = \h\ = |/ 2 | = 1 and |e | = |/o| = \q h '\ = 0. 
Incorporating a generator d with the property 

[d,e 1 \=5 ii oe i [d, fi] = -5 ifi [d,hi]=0 fori = 0,1,2 (5) 

yields the quantum affine superalgebra [/ 9 (sZ(2|l)). Choosing both classical simple roots of the superalgebra odd, the 
matrix elements of the symmetrized Cartan matrix a are aoo = 2, an = a 22 = 0, a.12 = a 2 i = — aoi = — a io = — a 02 = 
— a 20 = 1. In terms of the basis {ti,t 2 ,t 3 } with the bilinear form (r^Tj) = — (— the classical simple roots on 
and the classical weights Aj can be expressed by Qj = — (— l)'(rj +rj+i) and Aj = X^j=i r j — Sj=i T i with i = 1,2. 
An affine root <5 and an affine weight A are introduced by (A , A ) = (S,S) = (Ao,Tj) = (5, Tj) = and (Ao,i5) = 1. 
Then the set of simple roots {aj}j = o,i l2 of f7 g (sl(2|l)) is given by cuo = <5 — Qi — <5 2 and «j = a, for i = 1,2. The 
remaining affine weights are Aj = Aj + Ao with i = 1,2. The free abelian group P = ZAo © ZAi © ZA 2 © Z<5 is referred 
to as the weight lattice. Its dual lattice P* = Zh © Zhi © Zh 2 © Zd may be identified with a subset of P via (, ) 
setting aj = /ij and d = Ac,. 

A graded Hopf algebra structure is provided by the coproduct 
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A(e;) = q hi <8> <n + <a <S> 1 A(/i) = /i <8> g"' 1 * + 1 ® /, A(g fti ) = g 



hi 



the antipode 



and the counit 



S(ei) 



-hi 



e t S(f i ) = -f i q h > S(q h >) = q- 



e(ei) = e(/i) = e(^) = e(l) = 1 



(6) 
(7) 
(8) 



The Drinfeld basis of generators proves well suited for purposes related to the bosonization of the superalgebra. In 
terms of this basis, £/g(sZ(2|l)) is generated by {E^,H^,q ±hi } with i = 1, 2, m € Z, n e Z — {0} and the central 
elements 7 ± 3 subject to 



n-iq-q- 1 ) q - q 1 



Q hj £i± Q -hj = ±a i3 E i± 



-■+2 



n(g-g x ) 



1 \ " -^n+r 



E i+ E j ~ 



= 5,. 



■■ / n+r. 



- n+m 



(9) 



with 



n>0 n>0 



(10) 



and 



n>0 



n>0 



= i=l,2 



E l± E 2± + ±1 E 2± E l± _ ilplirfi , p2± gizt 



(11) 



The above choice of simple roots implies the Z2-grading \E^\ — 1 and \H^\ — \q ±hi \ = | 7 | = 0. The Drinfeld 
generators are related to the Chevalley basis (1) -(3) by 



fori = 1,2 

-h 2 



e i — E l + fi — E l 
6 = (eI-E\- + qE{-El-) q~ h ^ 

h = -q hl+h2 {e]+EI+ + q-' El+ElX) 
A three-dimensional module W of Ug(sl(2\l)) with basis { w i} 0<i<2 1S gi yen by 



(12) 



fow 2 


= qw 


e w = q~ 1 w 2 




= W\ 


ei w\ — wq 




= U>2 


e 2 w 2 = —w\ 



(13) 



and 
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hi 7/In 
III WQ 




— WQ 


h 


h a wi 


= 


hi Wl 


= It?! 




h w 2 


= W 2 


hi w 2 


= 


/l2 U) 2 



-wi (14) 



The Z2-grading on W is fixed by \wo\ = \w 2 \ = and |u>i| = 1. Given an anti-automorphism 4> of the superalgebra, 
the dual space of W endowed with J7 g (sZ(2|l))-structure 

(xw*\w) = (_l)W>'l Vxel^(si(2|l)) (15) 

is usually denoted by VF*^. In the following, W* s will be denoted by W* for brevity. The basis { w *} 0<i<2 °f W"* 
with |wq| = 1 = and |io*| = 1 may be chosen such that the action of the superalgebra reads 



(16) 



fiwt = 




eiwl 


= -q^wl 








e 2 wl 


= -qw 2 




hw'o = 




e wl 


= -q~ 2 wl 




h Wq = Wq 


hi Wq 


= -wl 


h 2 wl 


= 


how\ =0 


hi wl 


= -wl 


h 2 wl 


= wl 


ho M>2 = — W2 


hiwl 


= 


h 2 wl 


= wl 



(17) 



A J7<j(sl(2|l))-structure can be implemented on the evaluation modules W z — W®F[z, z 1 ] and W* = W*®F[z, z x ] 
via 

e, ( Vj ® z n ) = eiVj ® z n+s >.° ( Vj ® z n ) = frvj ® z n ~ s ^° 

(18) 

hi(vj ® z n ) —hiVj®z n d{yj ® z n ) =nvj®z n 

with i, j = 0, 1, 2 and Uj = or Vj = w* . 

For two evaluation modules V z ( ™ ] = W Zm or V z { ™ ] = W* m , the R-matrix R{z 1 /z 2 ) £ End(V^ ® yj 2 2) ) intertwines 
the action of {/ g (sZ(2|l)) according to 

i?(zi/z 2 ) A(ar) = A'(x) i?(^i/z 2 ) Vx e E7,(*Z(2|1)) (19) 

where A' = a o A and <r(a; ® y) = (— l)l x Hfl y ® x. In the remainder, subscripts will indicate the choices of the 
evaluation modules where required for clarity. The corresponding R-matrix elements are introduced by 

R ww (zi/z 2 )(wi <S>wj) = ^ R k ifj(zi/z 2 ) w k ® 

fe,i=0,l,2 

(21 /z 2 ) « ®Wj) = R i'j'( z i/ z ^w* k ®Wi 

fe,i=0,l,2 

-RwW (21/22) (Wi ® W*) = Y ( Z l/ Z 2) Wfe ® W;* 

fe, (=0,1,2 

%-lv(2l/z2)(<®M])= X] Ri*.j(zi/z 2 )wl®Wl (20) 

fe,;=o,i,2 

Up to a scalar multiple, the R-matrix elements (20) are uniquely determined by the intertwining property (19). For 
V Z { P = W Z1 and V4 ( 2 2) = W Z2 , a solution of (19) is given by 



4 



R^{z) = R%{z) = l R{ : { {Z ) = ^? Z 



q*z 



1 — q z z 



K i,A z > 1 _ q 2 z l< 3 



The solution satisfies the initial condition 

^j(i) = ^;(i) = j i Afc(-i) |fcM ' 1 (22) 

Relations between R-matrix elements with respect to the various choices of evaluation modules are conveniently stated 
introducing 



(23) 



4>) =(-i)i fc i-i'i4*jw R k Sw =(-i) |feM "^j;w 

Then solutions to the intertwining condition (19) are obtained from (21), (23) and 

Rlj:(z) = (-i)W-\ i \Ri*(i/ q *z) 

4*jw = ^;Uv*) (24) 

In terms of the R-matrix elements (20), the second inversion relation reads 

Rlj(z) = Rl%{z) /C'j: (z) = 4';*'. (z) i£j(z) = fl(f, (z/g 2 ) (25) 

A further symmetry of the R-matrix is stated by 



(26) 



III. THE LATTICE MODEL 



A section of the infinite lattice model considered in the following sections is illustrated in Fig. 1. The modules W 
and W* are associated in an alternating sequence to the horizontal and vertical lines as indicated by arrows pointing 
right or upwards for W and pointing left or downwards for W* . Hence, the lattice model may be decomposed 
into elementary plaquettes shown in Fig. 2. For each vertex, the matrix elements (23) provide Boltzmann weights 
depending on the configuration of basis elements { w i} 0<i<2 or { w i }o<i<2 attributed to the adjacent links and on the 
spectral parameters chosen for the type of vertex as specified in the left part of Fig. 2. 
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Fig. 1: The lattice model 
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wz z 



Spectral parameters 
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k r 

Assignment of indices 



Fig. 2: The elementary plaqucttc 

The present investigation applies to any finite value w specifying the inhomogeneity in the spectral parameters. An 
analysis of the limits w — > and w — > oo, where the R- matrices on W <g> W* and W* <B> W tend towards their braid 
limits, will be presented separately. 

With the assignment of indices shown in the right part of Fig. 2, the Boltzmann weight corresponding to an 
elementary plaquette is given by 

<1"1> (^) = E KS Kt'^ R P> Z ^ ( 2? ) 

j,k,l,n=0,l,2 

Use of the solutions (21)-(24) of the intertwining condition (19) for the matrix elements in the last equation yields an 
integrable vertex model. Due to the initial condition (22) and the unitarity relation ;=0 1 2 R\ (w -1 )i?** j(w) = 
5i,i'5j,ji the matrix elements of R(w, z) : (®W ® W*) 2 — > (®W ® W*) 2 satisfy 

ri'Stkj* X ) = hi>h?Sk,k>5i,v (28) 
The property (28) may be viewed as initial condition for R(w, z). 



IV. THE LIMIT Q -> 

The Boltzmann weights of homogeneous vertex models based on finite-dimensional representations of quantum 
algebras simplify drastically in the limit q — > [23]. A remarkable simplification occurs in the present case, too. 
Well-defined limits are found for the Boltzmann weights (27) of the elementary plaquettes even though this is not 

the case for all single R-matrix elements (24). Keeping z and w fixed, the matrix elements i?Vj* 'fc ( c l w ' z ) tend to 
values independent of w when the limit q — > is performed: 
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Use of the explicit expressions (21) in (24) yields the following results for these limits 



with 



and 



(z) = z-y^-y^ (30) 



Ui,j,k 


= 


i < k 




Ui.j,k 


= i 


i > k, 


j ^ for i = 


2/1,0,0 


= 






Ui.j,k 


= 


i = k 


= 1 


Vi,j,k 


= 1 


i = k 


= 0,2, j^i 


Ui.j,k 


= 


i = i 


= k = 0,2 



p i,(iM+o'iO),r , x _ 

X i,(l*;l-0*;0),;*V ; 'J _ U 



nS'to^S'? (*) - 2 (<^ + • z i + *,, 3 +,,, 3 Vi, 1 (32) 
In addition, the following nondiagonal matrix elements of P(z) arc found: 



p i, 1 i-;5 (*) = - p i°i*fS (*) = for ^ ^ i 



(31) 



and 



^:S(^+^;o?w = 2 ^;;" 1 



z - 1 



All other matrix elements of P(z) vanish. In contrast to the cases studied in [23], the matrix of Boltzmann weights does 
not assume a diagonal form in the limit of vanishing q. However, the simplification proves sufficient to establish a link 
to the representation theory of the affine superalgebra. As in the case of lattice models related to finite-dimensional 
representations of quantum affine algebras [14]- [19], this link is provided by the corner transfer matrices of the model. 
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V. THE CORNER TRANSFER MATRIX IN THE LIMIT Q 



A. The inhomogeneous corner transfer matrix 

Corner transfer matrices may be introduced for the present model in close analogy to the construction developed 
for the eight-vertex model in [24,25]. A triangular subsection An of the upper left quadrant is considered. Its 
vertical (horizontal) boundaries coincide with 2N + 1 horizontal(vcrtical) links on the boundaries of the quadrant. For 
a fixed configuration of basis elements { w i} 0<i<2 or { w i}o<i<2 on a ^ hnks of its diagonal boundary, the Boltzmann 
weights of the subsection An yield a map 

A^ N \w,z): W*(®W® W*) N+1 — » W*{®W ®W*) N+1 (36) 

At z = 1, (36) reduces to the identity map due to the initial conditions (22) and (28). Thus a Hamiltonian corre- 
sponding to the section An can be introduced by 

N 

h CT M ( W ) ={N+ l)h 2N+ 2,2N+l + ^ h 2(N+l),2N+l; 2N,2N-l( W ) ( 37 ) 

JV=1 

In (37), /i 2 (jv+i) 2JV+1- 2N 2JV-i( w ) denotes the operator h(w) acting on the (2N— l)-th to the (2(iV+l))-th component 
of (®W ® W*) N+1 counted from the right, with h(w) defined by the expansion 

R(w, z) = 1 + (z - 1) h{w) + 0((z - l) 2 ) (38) 

Similarly, fi2N+2,2N+i is the operator h defined by a Rww* ( z ) = 1 + (z — 1) h + 0((z — l) 2 ) acting on the two leftmost 

components of VF*((g>VF ® W*) N+1 . The boundary condition imposed on the diagonal boundary of An has to be 
chosen consistent with the expansion of R(w,z) and <tRw*w*( z ) &t z = 1. With respect to a particular boundary 
condition, the large- TV limit of h^ M (w) is referred to as the corner transfer matrix Hamiltonian hcTM{w). The 
boundary condition adopted in the following is specified by attributing only u> 2 or u> 2 to any link on the diagonal 
boundary. In the remainder of this section, h^ M (w) will be investigated in the limit q — > and N — > oo. The 
corresponding operator is denoted by 

H = Km^hm h^ M (w) (39) 
Examination of (30)-(35) shows that H does not depend on the (finite) value of w. 



B. A restricted set of configurations 

A particular configuration (. . .®Wi 2 ®w* 2 gwjj on the horizontal or vertical boundary of the corner transfer 
matrix may be abbreviated writing 

(• • • , j 2 **2, j$h, Jo) = (•••«> w* j2 O w t2 <g> w* n (g) w n (g) w* ) (40) 

According to the boundary condition fixed above, only finitely many i n , j n differ from 2. For a large subset of 
configurations (40) to be specified in this subsection, the matrix elements of the corner transfer Hamiltonian can be 
arranged in a trigonal form. 

Making use of (30) and (34) in (37)-(39) and of (21)-(24), the action of H on the configuration (. . . , 2*2, 2*2, i*) 
with i = 0, 1, 2 is easily evaluated: 

H (. . . , 2*2, 2*2, i*) = - (2 - 5 ifi 5 iA )(. . . , 2*2, 2*2, (1*1 - 0*0), i*) 

- 2 12(. . . , 2*2, 2*2, (1*1 - 0*0), 2*2, i*) + 3(. . . , 2*2, (2*2, 1*1 - 0*0), 2*2, 2*2, i*) + . . .| (41) 

The configurations on the rhs of (41) are obtained from (...,2*2,2*2,?*) by replacing one subsequence 2*2 by the 
difference 1*1 — 0*0. Taking into account (30), (31) and (32), the action of H on these configurations is found: 
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H (..., 2*2, 2*2, (1*1 - 0*0), (2*2)", »*) - - (2(n + 1) - S n ,o{S it0 + S itl )) (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2)",**) 
-J2(m+1)(2- 5 mfi 6i, S iA ) (..., 2*2, 2*2, (1*1 - 0*0), (2*2) n ~ m -\ (1*1 - 0*0), (2*2)™, i*) 

m=0 

-(« - <y n ,i «i,o*i,i)(- ■ • . 2 *2, 2*2, (1*1 - 0*0) 2 , (2*2) n_1 ,i*) 
-(n + 2)(. . . , 2*2, 2*2, (1*1 - 0*0) 2 , (2*2)", i*) 

-2|(n + 3)(. . . , 2*2, 2*2, (1*1 - 0*0), 2*2, (1*1 - 0*0), (2*2)", i*) + 

+{n + 4)(. . . , 2*2, 2*2, (1*1 - 0*0, )2*2, 2*2, (1*1 - 0*0), (2*2)", i*) + 

+{n + 5)(. . . , 2*2, 2*2, (1*1 - 0*0), 2*2, 2*2, 2*2, (1*1 - 0*0), (2*2)", i*) + . . . j (42) 

With the second line dropped for n = 0,1, equation (42) is valid for all n > 0. Inspection of (30)-(35) allows for a 
description of the repeated action of H on the configurations on the rhs of (41), (42). To facilitate notation of the 
explicit expressions it is useful to introduce the abbreviation 

T { k i? }i<t l<Sl = ' ( ri _ 0*0)^° , 2*2, (1*1 - 0*0) fe ™ , 2*2, (1*1 - 0*0)^° , . . . , 2*2, (1*1 - 0*0) ^ , (43) 

with si = 1, 2, 3, . . . and kf^ = 1, 2, 3, . . . for 1 < t < si. Any configuration emerging from repeated action of ho on 
(. . . , 2*2, 2*2, i*) can be written 

(...,2*2,2*2r{fc^} 1 < tH < s j2*2)-r{fc^; i 1 )} 1 < tfl ^^^ sri (2*2)— , . . . , (2*2rr{fc« (2*2)- , ,*) (44) 

with m > and n/ > 2 for I > 1. A configuration of the form (44) is composed from r = J2i=i 2~2tl=i k ti subsequences 
1*1 — 0*0 placed between subsequences 2*2 and the right end . . . The action of H n on (44) is given by 

ffo((...,2*2, r{k^} lw j2*2)^r{^ 

= - a ({ k t?}i< tl < Sl ,l<l<W { n l}l<l<R}- 
(...,2*2, t{4*>} 1Ws J2*2)^ 

ni — 1 

- ^ (2 - (Smi.m-i - S mit o $t,o$is) (mi + 1)- 

mi— 

(. . . ,2*2r{fc t ( f ) } 1 < tH < sj? (2*2)"-, . . . , (2*2rr{fc t ( i 1) } 1 < ti < si (2*2)— - 1 , (1*1 - 0*0), (2*2) m H*) 

R n s -l S-l 

- £ (2 - ^ - <W.»s-i) (S ( fc i° + ^ + • • • + fc ^ + + n ; - 1) + m s + l) • 

S=2ms=0 1=1 

(. . . , 2*2r{fc t ( f} 1 < tH < sj? (2*2)"«, . . . , (2*2)"^r{A :t ( s 5) } 1 < ts < ss (2*2r-'— 1 , (1*1 - 0*0), 
(2*2r-r{fc t ( s 5 : i 1) } 1 < ts _ i < ss _ i (2*2)—, . . . , {2*2rr{k^} 1 ^ si {2*2TH*) 

oo R 

- (2 - <W) + k< 2 +... + fcW + s ; + - 1) + m + l) • 

m=0 1=1 
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(...,2*2,(1*1- 0*0), (^r^f}^ (45) 

with 

«({*S ) }i<t I <. ll i<Kii. {««}i<'<*) = EW + ^ + ( 2s ' - 3 ) fc l!-i + • • • + 3fc 2° + 

+ 2 E s; ( E (^ ro) + fc 2 m) + • • • + + + - !)) 

(=2 m=l 

- 5ni,0 ^i,0 - 5ni,0 <*i,l + 2nx S; (46) 

1=1 

The fourth and fifth line of (45) give no contribution for m = 0. The configuration in the first term on the rhs 
of (45) coincides with the configuration on the lhs. Obviously, all other configurations on the rhs can be rewritten 
as configurations of the type (44) built from r + 1 subsequences 1*1 — 0*0 between subsequences 2*2 and the right 
border . . . Hence, for each i = 0, 1, 2 the set of all configurations of the form (44) with r = 0, 1, 2, ... is closed 
under the action of H . For a given i, the corresponding matrix elements of H form a triangular matrix with 
the diagonal matrix elements given by (46). Since these are all smaller than zero for a configuration different from 
(. . . , 2*2, 2*2, i*), an eigenvector of Ho with eigenvalue zero is given by a linear combination of all configurations 
(44) for each fixed i. An eigenvector of H with eigenvalue — 2(n + 1) is provided by a linear combination involving 
(. . . , 2*2, 2*2, (1*1 - 0*0), (2*2)™, 2*) and all configurations generated from these by repeated action of H . Among 
the latter, the configurations (. . . ,2*2,2*2, (1*1 - 0*0) 1+2m , (2*2)™" m ,2*) with 1 < m < n have the same value of 
the diagonal element (46) as (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2)™, 2*). It is easily verified that these don't occur in the 
appropriate linear combination. Analogously, an eigenvector of Ho can be constructed as a linear combination of any 
configuration (44) and all configurations obtained from it by repeated action of Ho with a different diagonal element 
(46). The corresponding eigenvalue coincides with the diagonal element (46) of the particular configuration chosen. 
In this context, diagonalizability is a consequence of the particular form of the corner transfer matrix Hamiltonian 
(37), (39) and does not apply to the q — » 0-limit of the transfer matrix Hamiltonian acting on the configurations (44), 
for example. 

A similar structure applies to configurations (. . . , 2*2, 2*2, 2*(0, 2*) l (2, 2*)™) with n = 0, 1, 2, . . . and I = 1, 2, 3, . . .. 
Given fixed values of n,l, the collection of states 

(...,2*2,2*2,2*(0,2*)'(2,2*)") 

(. . . , 2*2, 2*2, 2*0, (1*1 - 0*0), 2*(0, 2*)^ 1 (2, 2*)") 

(. . . , 2*2, 2*2, 2*(0, 2*)'" 1 0, (1*1 - 0*0), 2*(2, 2*)"" 1 ) for n > 

(. . . , 2*2, 2*2, 2*0, (1*1 - 0*0), 2*(0, 2*) i " 2 0, (1*1 - 0*0), 2*(2, 2*)™" 1 ) for n > 0, 1 > 1 (47) 

and all configurations obtained from these by replacing one or more subsequences 2*2 by 1*1 — 0*0 is closed under 
the action of Ho- Application of Ho on one of these configurations with r subsequences 1*1 — 0*0 yields the same 
configuration with a prefactor depending on the position of these subsequences as well as further configurations, each 
of them containing r + 1 subsequences 1*1 — 0*0. An eigenvector of H with an eigenvalue a given by the diagonal 
element of Ho on any configuration (47) is given by a linear combination of this configuration and all others generated 
from it by repeated action of Ho with the diagonal element of Ho taking a value different from a. Completely 
analogous statements hold true for the configurations 

(. ..,2*2,2*2,2*0,0*(2,2*)™) 

(. . . , 2*2, 2*2, 2*(0, 2*) rR (2, 2*) nR (0, 2*) rfl " 1 (2, 2*)"«" 1 ... (0, 2*) ri (2, 2*)™ 1 (0, 0*) fc (2, 2*)"°) 
(. . . , 2*2, 2*2, 2*(0, 0*) fc (2, 2*)"°(2, 0*) rR (2, 2*)™«(2, 0*) rR - 1 (2, 2*)"«" 1 ... (2, 0*) ri (2, 2*)" 1 ) 
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(. . . , 2*2, 2*2, 2*(0, 2*) rj? (2, 2*) nR (0, 2*) r "- 1 (2, 2*)""- 1 . . . 

... (0, 2*) ri (2, 2*)" 1 (0, 0*) fc (2, 2*)"° (2, 0*) fcs (2, 2*) ms (2, 0*) fes - 1 (2, 2*) ms - 1 ... (2, 0*) fcl (2, 2*) mi ) (48) 

with ii, S > 0; fc = 0, 1; n, uq, ni, mi > 0; n/, to/ > for / > 1 and n,ki > VZ. 

So fare, (33), (35) and the second line of equations (32) do not enter the evaluation of H - A simple example 
requiring (33) in addition is given by 

ff ((- ■ • , 2*2, 2*2, 2*1, 1*(2, 2*)™)) = -(2n + 1)(. . . , 2*2, 2*2, 2*1, 1*(2, 2*)") 

+n(. . . , 2*2, 2*2, (1*1 - 0*0), (2*2) n ~ 1 ,2*) + (n + 1)(. . . , 2*2, 2*2, (1*1 - 0*0), (2*2)", 2*) 

-n(. . . , 2*2, 2*2, 2*1, (1*1 - 0*0), 1*(2, 2*)™" 1 ) - (n + 1)(. . . , 2*2, 2*2, 2*1, (1*1 - 0*0), 1*(2, 2*)") 

71-2 

-2 ^ (m + 1) (. . . , 2*2, 2*2, 2*1, 1*2, (2*2)"- m_2 , (1*1 - 0*0), (2*2) m , 2*) 

m=0 

oo 

-2 ^ (n + to + 2) (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2) m , 2*1, 1*(2, 2*)™) (49) 

The second line shows that configurations of the type (44) with i = 2 are generated by repeated action of Ho on 
(. . . , 2*2, 2*2, 2*1, 1*(2, 2*)"). As the following example reveals, application of H on configurations of the rhs of (49) 
may produce several configurations with one subsequence 1*1 — 0*0 in addition to those with two such subsequences: 

H ((..., 2*2, 2*1, (1*1 - 0*0), 1*(2, 2*)™)) = -2(n + 1)(. . . , 2*2, 2*1, (1*1 - 0*0), 1*(2, 2*)") 

+n(. . . , 2*2, 2*2, 2*1, 1*2, (1*1 - 0*0), 2* (2, 2*)"" 1 ) + (n + 2)(. . . , 2*2, 2*2, (1*1 - 0*0), 2*1, 1*(2, 2*)™) 
-n(. . . , 2*2, 2*2, 2*1, (1*1 - 0*0) 2 , 1*(2, 2*)™" 1 ) - (n + 2)(. . . , 2*2, 2*2, 2*1, (1*1 - 0*0) 2 , 1*(2, 2*)™) 

n-2 

-2^(m+l)(..., 2*2, 2*2, 2*1, (1*1 - 0*0), 1*2, (2*2)"- m - 2 , (1*1 - 0*0), (2*2) m , 2*) 

oo 

-2 ^ (n + to + 3) (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2) m , 2*1, (1*1 - 0*0), 1*(2, 2*)") (50) 

771=0 

In (49) and (50), the fourth line is not present for n = 0, 1. Similar shifts of pieces 1*1 — 0*0 occur for configurations 
arising from the action of H on (. . . , 2*2, 2*2, 2*1, i*2, (2*2)™, 2*) and (. . . , 2*2, 2*2, (2*2)™, 2*) with i = 0,2, for 
example. They may be summarized by 

Ho ((...*, (1*1 - 0*0)', rw^.!, . . .i 2 , jjtl, jx*)) = 

. . . + S iA (n + l + 1)(. . .2, (1*1 - 0*0), 2*1, (1*1 - O'O)'- 1 , r*n,^*n-i, • • ■ h, &h, ji) +■■■ 
Ho( y {...j,(l*l-0*0) l ,i*2,2*i n ,j*i n _ 1 ,...i 2 ,j^i 1 ,j^ = 

... + S hl (n+ 1)(. . . j, (1*1 - 0*0)<-\ 1*2, (1*1 - 0*0),2*i n ,^i„_i, . . . iiJZhJl) + . . . (51) 

The contribution on the rhs of (51) applies to alH, ii, ji, »2, J2, • • ■ , ijv, Jn — 0, 1, 2. Left of the subsequences indicated 
here, any sequence with almost all entries equal to 2 or 2* may be inserted. The limit (33) also enters the analysis of 
the set of configurations (. . . , 2*2, 2*2, 2*^1,^^2,^2(2, 2*)"), n = 0, 1,2, . . ., with the cases i\ = ji = 2, i 2 = ji = 2 
and ji = %2 = 0, 1 excluded: 
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flo((- • • , 2*2, 2*2, 2*i 1; j*i 2 , j 2 *(2, 2*)")) = 

-((n + 2)(1 + y juiu 2) + (n + l)(y iuhM + y n , l2 , n ) + n(l + ?fe,, 2 , 2 )) ■(..., 2*2, 2*2, 2*n, j*i 2 , j 2 *(2, 2*)") 
+<5u,i<W(n + 2) (. . . , 2*2, 2*2, (1*1 - 0*0), 2*i 2 , j 2 *(2, 2*)") 
+<W<W n (. . . , 2*2, 2*2, 2**1,^*2, (1*1 - 0*0), (2*2) n " 1 , 2*) 
-(n + 2) (. . . , 2*2, 2*2, 2*n, (1*1 - 0*0), fii 2 , j*(2, 2*)") 
-n (. . . , 2*2, 2*2, 2* n , j{i 2 , (1*1 - 0*0), j 2 *(2, 2*)"" 1 ) 

n-2 

-2^(m+l)(..., 2*2, 2*2, 2*i l7 j*i 2 , j*2, (2*2)™- m - 2 , (1*1 - 0*0), (2*2) m , 2*) 

m=0 

oo 

-2 J2 (n + m + 3) (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2)"\ 2*i u jfa, j 2 *(2, 2*)") (52) 

m=0 

For none of the configurations considered so fare, the (repeated) action of Hq creates configurations with a subsequence 
1*1 + 0*0. Hence, (30), (31), (33), (34) and the first of equations (32) are sufficient for its analysis. The following 
example involving also (35) and the remainder of (32) completes the evaluation of (. . . , 2*2, 2*2, 2*i±, j**2> j 2 (2, 2*)™): 

#o((- • • , 2*2, 2*2, 2*i, (1*1 + 0*0), j*(2, 2*) n )) = 

-(2n + 2 - 5 h2 + S ji2 )) •(..., 2*2, 2*2, 2*z, (1*1 + 0*0), j*(2, 2*)™) 
+5 iA (n + 2) (. . . , 2*2, 2*2, (1*1 - 0*0), 2*1, j*{2, 2*)") 
+2{6 iA + 5 jA ){n + 1)(. . . , 2*2, 2*2, 2*i, (1*1 - 0*0), j* (2, 2*) n ) 
+2(1 - <5 M )(n + 1) (. . . , 2*2, 2*2, 2*1, l*i,j*(2, 2*)") 
+2(1 - 5 jA )(n + 1) (. . . , 2*2, 2*2, 2*i,j*l, 1*(2, 2*)") 
+2(n + 1) (. . . , 2*2, 2*2, 2*i, j*(2, 2*)") 
+2(n + 1) (. . . , 2*2, 2*2, 2*i,j*(2, 2*)" +1 ) 

in (. . . , 2*2, 2*2, 2*i, 1*2, (1*1 - 0*0), (2*2) n_1 , 2*) 
-(n + 2) (. . . , 2*2, 2*2, 2% (1*1 - 0*0), (1*1 + 0*0), j* (2, 2*)") 
-n (. . . , 2*2, 2*2, 2% (1*1 + 0*0), (1*1 - 0*0), 1*(2, 2*)™" 1 ) 

n-2 

-2 ^ (m + 1) (. . . , 2*2, 2*2, 2% (1*1 + 0*0), j*2, (2*2)"" m ^ 2 , (1*1 - 0*0), (2*2) m , 2*) 

m=0 

oo 

-2 ^ (n + m + 3) (. . . , 2*2, 2*2, (1*1 - 0*0), (2*2) m , 2*i, (1*1 + 0*0), j*(2, 2*)") (53) 

m=0 

In the fifth and sixth line of (53), configurations included in (52) appear. The configuration in the fourth line is found 
in i?o((- • • i 2*2, 2*2, 2*i, j*(2, 2*)™)^ which also appears in the seventh line of (53). As in the previous examples, the 
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configuration on the lhs of (53) is not generated by (repeated) action of Hq on any of the other configurations found 
in the rhs of the same equation. Further investigation along these lines suggests to formulate this observation more 
generally. This is conveniently done by means of the notation 

ffo((--- W3*2j2*l,jl)) = ^••ia.^.jju,^...^^ (54) 

ijj,'=0,l,2 

Only finitely many values of ii,i\,ji,3i differ from 2 according to the boundary condition adopted here. The following 
statement applies to all configurations (. . . i 3 , j 3 i2, jZhjJi) considered above: 



h..A 3 ,jZi2,jZii,jl\---i' 3 J! i *i' 2 j' 2 *i' 1 ,j' 1 * ^® ==> 

oo 

h...i> 3 , j> 3 *i> 2 , 3'*v x ,3'*; ...i 3 ,j*i 2 , J ;i 1 ,j* = 0{- ■ -h, .73*2, j 2 h, 3i) ' 11^'^^' ( 55 ) 

1=1 

with 

oo 

P{---h,jZi2,32h,3i) = -^2(yii+i,ji+i,ii +Vji,iiJi+i) ( 56 ) 

i=i 

and yij.k given by (31). The function f3{. . . i 3 ,j 3 i 2 , Ji) is well defined due to (31) and the restriction ii = ji = 2 
for almost all I. As the analysis reveals, (55) remains valid for a large set of configurations including the collection of 
all (. . .i 3 , j 3 i2, j 2 h, 3i) which do not contain any of the subsequences 

(1*1 + 0*0), (1*1 -0*0) 

(1*1 -0*0), (1*1 + 0*0) (57) 
0*1,1*0 

Moreover, the elements of Ho with respect to this restricted set of configurations can be arranged as a trigonal matrix. 
This can be seen introducing a number fi((. . . z 3 , j 3 i 2 , j 2 h, 3*)) G Z ,+ for each configuration (. . . i 3 , j 3 i 2 , j 2 h, jf)'- 

■ -hjfai .72*1, jl)) = 

to~((---i3,jZi2,tih,ti)) + ^{{---h,jli 2 ,j^i 1 ,jl)) -n + ({...h,jli 2 , 32*1,31)) ~ ^ + ((- • -hJ^J^iiJi)) 

-u}-((...i 3 ,jZi 2 ,fiii,jZ)) - ..i 3 ,j 3 i 2 , fiiufi)) (58) 



Here fl ((. . -i3,j 3 i 2 ,j 2 ii,ji)) (^ + ((- • • *3,.73*2, j 2 h, ji))) denotes the number of subsequences 1*1 -0*0 ^1*1 + 0*0 
found in the configuration (...13,^3*2,^2*1^1) and |(^ + ((- • • *Wf*2, j2*i,ii)) + &~ ((• • • *3, .73*2, j 2 h, J*))) and 

|^Q + ((. . +3, jgi 2 , jl*!, Ji)) _ ^~((- • •*3,i3*2,i2*i,ii))) count the subsequences 1*2,2*1 and 0*2,2*0, respectively. 
To each subsequence 

j{ii, (1*1 + o*or\ j* (1) i, j 2 * (1) i, . . . j^h, (1*1 + o*or 2 , j* (2) i, j* (2) i, . . . , Jt * 2 (2) i, (1*1 + o*o) m3 , . . . 

. . . , (1*1 + o*o) ms , jf'hjph, . . . j£h, (1*1 + o*o) ms +s f 2 i 2 (59) 

with 5 > 1; m s+ i > 0; to; > 1 for I < S; jmf = 0, 2 for 1 < m ; < tj, 1 < Z < 5 and the cases i TO = j m = 0, 1 and 
i-m = 1, Jm =0,2 excluded for m = 1,2, the number 



X>*X> (60) 



(=1 v=i 

is assigned. Furthermore, to each subsequence 
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i* 2 j 2 , (1*1 + 0*0) nR+1 , l*i { *\ l*i { 2 R) ,l*t{ R \ (1*1 + 0*0)"«, . . . 

. . . , (1*1 + 0*0)" 3 , . . . , 1*4 2) , (1*1 + 0*0)™ 2 , . . . , 1*4 1} , (1*1 + 0*0)™,i*ji (61) 

with J? > 1; > 0; n; > 1 for I < R; im, = 0, 2 for 1 < m; < s;, 1 < Z < i? and the above restrictions on 

i m ,jm, to = 1,2, the number 

ft ft 

5>lX>' (62) 

i=l J'=Z 

is attributed. • -^3, i3ii 2 ,i 2 ii,i*)) equals the sum of numbers (60) and (62) found for the configuration 

(. . .i 3 , j 3 i 2 , j 2 h, 3*))- Similarly, the numbers 

S+l l-l ft+l l-l 

^2 m i^2 */' and X] n ' X! sr ( 63 ) 

;=2 i'=i ;=2 i'=i 

are assigned to each subsequence obtained from (59) and (61) by replacing each term 1*1 + 0*0 by 1*1 — 0*0. Then 
uo~ ((. . . h,j 3 i2,j 2 ii,j\)) denotes the sum of all numbers (63) related to such subsequences present in the configuration 
(. . ■i3,j^i2,j 2 h,ji))- Direct examination of the limits (32)-(35) reveals that two configurations (. . . h,j 3 i2, j 2 ii, f) 
and (. . . i' 3 ,j' 3 *i' 2 , jgi'iJi) with h.. i3i j* l2 , ...i^f'i^f'i^j'* ^ and (. . . iaJs^&uf) + (• • ■ i'aJa^JZi'iJi) 

satisfy 

n({...i' 3 ,j' 3 %,j!?i' 1 ,ff)) > «((■■■ is, is^, ilii.ii*)) (64) 

if the configuration (. . . i' 3 , j' 3 *i' 2 , j' 2 *i'i,ji) is not obtained from (. . • 23,^3^2, i 2 *i, J*) either by substituting one subse- 
quence (1*1 + (-l) fc 0*0)(l*l - (-l) fc 0*0) by (1*1 - (-l) fe 0*0)(l*l + (-l) fc 0*0) or 0*1,1*0, where fc = 0, 1, or by 
replacing one subsequence 0*1, 1*0 by (1*1 + 0*0)(1*1 - 0*0) or (1*1 - 0*0)(1*1 + 0*0). In these cases, the limits (32), 
(33) and (35) yield for i,j,ii,ji = 0, 1,2: 

Ho((. • • ,i, (1*1 + 0*0), (1*1 - 0*0),r* n ,i;* n _i, . . .i 2 , f 2 h, f)) = 

. . . + (n + 2)(. . . ,i, (1*1 - 0*0), (1*1 + 0*0),i** n ,^*„_i, . . .i 2 ,i 2 *ii,ii) 
-2(n + 2)(. . .i,0*l, 1*0, fi n ,f n i n - U . . .i2,j 2 h,3i) +■■■ 

H ({. • • ,i, (1*1 - 0*0), (1*1 + 0*0),r* n ,^*„_i, . • .i 2 ,i 2 *ii,i*)) = 

... + (n + 1)(. (1*1 + 0*0), (1*1 - 0*0),i* w*i„_i, . ..12,3*2^,31) 

-2(n + 1)(. . .2,0*1, 1*0, j*i n , j* n i n -u . . . i 2 ,i 2 *ii,i*) + • • ■ (65) 
In both cases, the first contribution stems from (32) and the second from (35). Furthermore, 

H (2{. ..i,0*l, 1*0, finj*^, . . .i 2 ,i 2 *ii,i*)) - 

. . . + (n + 2)(. . . ,i, (1*1 - 0*0), (1*1 + 0*0), fi^fj^, . ..12,3*2*1,3*1) 

+ (n + 1)(. . . ,i, (1*1 + 0*0), (1*1 - 0*0),rw;%-i, • ■ -12,3*2^3*) +■■■ (66) 

where both contributions arise from (33). As in (51), left of the entry i any sequence with almost all entries fixed 
by 2 or 2* may be chosen. Together with the limits (30), (31), the property (64) implies triangularity of the matrix 
formed by the elements of H n for the restricted set of configurations if arranged in an order indicated by increasing 
numbers ■ -h, fh, j' 2 h, 3i) ■ 
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C. A particular set of subsequences 



This subsection specializes on a set of configurations for which the matrix elements of H don't show a triangular 
form in the basis (40). As apparent from (65), (66), Hq couples configurations which differ only by maximal sub- 
sequences consisting of K — L terms (1*1 + 0*0), M — L terms (1*1 — 0*0) and L terms = 0*1, 1*0 for fixed pairs 
K, M > 1 and < L < min(A", M). Explicitly, these configurations are written 

(• • • >in+3*™+2>ira+2*n+l' (0 1) 1 0)" 1 , j n+ ii n , j n ^n-l i ■ ■ ■ 7 ^2*1) 3l) 

with n > and ri\ > 1 or 

Si 82 

(. . .,j* +3 i n+2 ,r n+2 i n+1 , (0*1, 1*0)-° {n (i*i + (-1)^0*0)} (0*1, ro) ni { n (i*i + (-r t2 o*o)}, . . . 

tl=l t 2 =l 

(0*1, rO)"- 1 ! n (1*1 + (-l)^«0*0)} (0*1, l*0) nR , fn + iin,f n in-i,..., ti) (67) 
t R =i 

where R > 1; n,n ,n^ > 0; n/ > 1 for < I < R; si > 1 and a tl = 0, 1. In (67), the choices j n +2 = i n +i = 0, 1 
or j n+ i = i n = 0,1 as well as j n+3 = i n+ \ = 0, i n+2 = j n +2 = 1 or j n+1 = i n _i = 0, i n — j n = 1 are excluded. 
Any diagonal element of Hq for the configurations (67) depends on n, n/ and a tl and on the remaining entries 
ii,ji- The contribution of the latter is the same for all diagonal elements and will be denoted by — k below. As an 
example, equations (30) and(31) yield n = 2n + 1 + K + M for the configuration (. . . , 2*2, 2*2, (1*1 + 0*0) K , (1*1 - 
0*0) M , (2*2)", 2*). The collection of matrix elements of H with respect to all configurations (67) for a given set of 
values n, n and K, M may be called h^ n ' K \ For the configurations (67), the diagonal elements of ft,("< K ) are given by 

-K-m(2m + 2n + 1) (68) 

for the first configuration in (67) and by 

R R 

-k - n R (2n R + 2n + 1) - ^ (2n + 1 + 2n^i + 2^{2n v + a,,)) (69) 

l=i v=i 

for all others. All other nonvanishing elements of ft,("< K ) follow directly from (65) and (66). Within the subsequences 
(67), the symbols +, — and o will be used below to abbreviate the terms 1*1 + 0*0, 1*1 — 0*0 and twice the term 
0*1, 1*0, respectively. Explicit reference to the entries ii,ji in the configurations (67) will be omitted in most of the 
remainder of this section. Then the dependence on n and {ii,ji} will be reminded by a subscript n, k. Equations 
(65), (66) imply 

(b{o-(-+)}a): (b{o + (- + )}a) (b{ o- (-+) } a) ; (b+-a) 

h (n,K) = h (n, K ) = Q ^ 

(fc{o-(+-)}a); (b{o+(+-)}a) (b{ o- (+-) } a) ; (b-+a) 

where a, b abbreviate parts of a subsequence built from +, — and o, (b\o ± (n — )}a) = (b o a) ± (b H — a) , 

(b{o±( — \-)}a) n K = (boa) nK ±(b-+a) nK and the notation h (n > K) ((c) n>K ) =Y^ C ' h ^)%')i c ')n,K witn subsequences 
c, d composed from +, — and o is used. With (70), (65), (66) and (68), (69) it is easily verified that the configurations 

{(-) M - 1 {°-(-+)}(+) K - 1 ) nK 

(-r{° - (-+)}(+r°{° - (+-)}(-r{° - (-+)}(+r{° - (+-)}(-r ■ ■ • 

• • • (+r- i {o (+-)}(-r-{o - (-+)}(+) Sm ) nK (7i) 



and 
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with m = 1, 2, 3, . . .; rj, s; = 0, 1, 2, . . . and r = M — 2m — 1 — Y^JiLi Tl — s o = ^ — 2m — 1 — s ( — are 

eigenvectors of M™' K ) with eigenvalues 

m 

-(K + n + K+l) and - + 4m 2 + m(n + 1) + (m + l)(n + 2) + X - 1 + 2 Z(r z + sj)) • (72) 
Similarly, the configurations 

((-f°{° - (-+)}(+f°{° - (+-)}(-r{° - (-+)}(+) si {° - (+-)}(-r • ■ • 

...(+)— {o -(+-)}(-)-) (73) 
with M — 2m — J2jLi r i = > 0; K — 2m — J^/Hi 1 s * = 5q > are eigenvectors with eigenvalues 

m m—1 

-(k+ 2(m - l)(2m - 1) + m(n + 1) + m(n + 2) + K + 2 Zr ; + 2 ^ Is^j (74) 



2=1 2=1 



Exchanging + and — in (71) and (73) as well as K and M in the restrictions for ro,so and fo,So yields further 
eigenvectors. The eigenvalues for the eigenvectors resulting from (71) follow from (72) by the replacement K — > M — 1 
while those for the eigenvectors obtained from (73) follow from (74) by the substitution K — > M. 

Further analysis reveals that the matrix elements of M"' K ) exhibit a triangular structure with respect to a suitable 
basis of configurations composed from +, — , {o — ( — h)}, {o — (+— )} and o such that + and — are adjacent only as 
parts of the linear combinations {o — ( — h)} and {o — (+—)}. Such a basis configuration may be written 

f(°r ci (o)" 1 c 2 (o)"2 c 3 (o)»3 . . . Cr _ x (o)"*-i Cfl (o)"«) (75) 

where n , n# > 0; n; > for < I < R and the parts q contain any sequence of +, — , {o — ( — h)} and {o — (H — )} 
provided that only the terms +, {o — ( — h)} or {o — (H — )} are neighbors of + and only — , {o — ( — h)} or {o — (+— )} 
are next to — . For an arbitrary part a of c/, the length A (a) counts once each symbol + or — found in a and twice each 
linear combination jo — ( — h)} or {o — (+— )} there. To any decomposition c; = (6{o — (p, — P)} a ) with p = ± the 
number n + 1 + 5 p . - + A (a) is associated. Summing these numbers for all such decompositions of c; yields a number 
7(q). In terms of these notations, (65), (66) and (68), (69) yield the diagonal matrix elements referring to the basis 
configurations (75): 

h { r ] \ , v =-«- V7(ci) (76) 

((o)"0 ci (o)"i c 2 (o)»2...c K (o) n Hj; ((o)"o ci (o)"i c 2 (o)»2...c s (o) n Hj f-^ 

One type of nondiagonal elements of /i(™' K ) in the basis (75) amounts to exchanging one linear combination {o — (p, — p)} 
with a neighboring a single symbol + or — : 



(b{o-(-+)}-o); (b-{o- 


(-+)}«) 


= n + 2 + A(a) 




(n,«) 

(6+{o-(-+)}o); (&{o-( 


-+)}+a) 


= n + 3 + A(a) 


a^-...) 


(n,K) 

(fc{°-(+-)}+ a )> (*>+{°- 


■(+-)}«) 


= n + 1 + A(a) 




(n,/c) 

(b-{o-(+-)}a); (b{o-(- 


f-)}-a) 


= n + 2 + A(a) 


a^+...) 



fey" r i \ / r l \ = 71 + 2 + A ( a ) a ^ + • • •) (77) 

(6-{o-(+-)}a); (6{o-(+-)}-a) 

In the cases excluded in the right column of (77), the following matrix elements are found: 

/j("> re ) = =n + 2 + A(a) 

(&+{°-(-+)}-a); (&o{o-(-+)}a) (6+{o-(-+)}-a); ( 6 {o-(+-)}{o-(-+)}o) 
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h {n ' K) =-h { - n ' K) =n + 4 + \(a) 

(b+{o-(-+)}-a); ( 6 {o-(-+)}oo) (b+{o-(- + )}-a); (b{ o- (- + )}{ o- ( + -)} a) 

j^(n,K) ^(n,/t) n + 1 + A(&) 

(6-{o-(+-)}+a); ( 6 o{c-(+-)}a) ~ (b- {o-(+-)} +a) ; (b{ o-(- + ) }{ o-( + -) }a) ~" 

/i ( "' K) r i \ / r i n = -h ( P' K \ , wr ir , v = n + 3 + A(o) (78) 

(6-{o-(+-)}+o)i (b{o-(+-)}oa) (b-{o-(+-)}+a); ( 6 {o-(+-)}{o-(-+)}a) 

A second type of nondiagonal matrix elements reduces higher powers of {o — (p, — p)} according to 
^"f ,> w , ! v =-(n + 3 + A(a)) 6^ (...+, a ± - . . .) 

(b{o-(-+)} a); (6_{o-(-+)}+o) 

^ 2 =-(n + 2 + A(a)) 6^ (...-, a ^ + . . .) (79) 

(fe(o-(+-)) a); (6+{o-(+-))-a) 

The corresponding matrix elements in the cases a = — ...) ov b =(... + are 

h (b+{o-(- + )Ya)- (bo{o-(-+)}+a) h (b+{o-(-+)} 2 a): (b{ o- ( + -)}{ °- (- + )} +a) + 3 + A ( fl )) 

2 = -h^f 2 =-(n + 4 + A(a)) (80) 

(l{o-(-+)} -a);(i-{o-(- + )} M ) (b{o-(- + )} -a); (b- {<,-(-+)} { o-(+-)}a) 

where a ^ — . . .) in the first and 67^ (. . . + in the second line, and 

^(n,«) _ _j i (n,K) _ 

(b+{o-(-+)} 2 -a); (bo{o-(- + )}oa) (b+ { o- (-+)}' -a) ; (bo{ o-(-+) } { o-(+-) }o) 

= —h < - n,K ^ = h^ 1 '^ = 

(b+{o-(- + )} 2 -a); ( 6 {o-(+-)}{o-(-+)}oo) (b+{ o- (-+)}' -a) ; (b{ o- ( + -)}{ o- (-+)}{ o- (+-)} a) 

= -(n + 4 + A(a)) (81) 

Exchanging + and — in (80) and (81) and replacing A(a) by A(a) — 1 in the rightmost parts of the equations covers 
the cases excluded in the second line of (79). Finally, a third type of nondiagonal matrix elements substitutes a single 
symbol o by the linear combinations {o — ( — h)} and jo — (H — )}: 

hf K \ , , , , =-(n + 2 + X(a)) 

(boa); (b{o-(-+)}o) V " 

h { P' K \ , , , . =-(n + l + A(a)) (82) 

(boa); (b{o-( + -)}a) V 

Equations (77)-(82) characterize the action of ft/™' K ) on any subsequence of the form (75). A particular set of 
subsequences built from +, — , {o — (—+)}, {o — (H — )} and o is generated by the action of /i(™< K ) on 



((-)«-i{o-(+-)}(+)*-i) bb 



and 



((-r°{° - (+-)}(+r°{° - (-+)}(-r{° - (+-)}(+r{° - (-+)}(-r • ■ • 

• • • (+) s - 1 {° - (-+)}(-) rm {° - (+-)}(+) Sm )„ K (83) 
with m, r TO , rj, s; > for < I < m; s m > 0, r — M — 2m — 1 — J2l=i r i > 0, s = K — 2m — 1 — J2l=i s i > an d 

((-f°{° - (+-)}(+r°{° - (-+)}(-r{° - (+-)}(+r{° - (-+)}(-r • • • 
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.(+)'»-! {o-(-+)}(-H (84) 



with m, n, s; > for < I < m; r m > 0, f = M — 2m — Y^iLi r i — ® an d s = K — 2m — X^T 1 s; > as well as on 
the subsequences obtained from (83), (84) via the replacements + <-> — and K <-> M. A subsequence of the type (83) 
or (84) does not arise in the action of h^ n,K ^ on any other subsequence. The subsequences created by repeated action 
of on the subsequences (83), (84) all have the form (75) and may be classified as follows. A first group consists 

of all subsequences (75) with R = 1 and n = n\ — 0. These are subsequences without a single symbol o. The second 
group collects all configurations with one single o contained in one of the parts 

{°- (P2,-P2)}(P2)' O (-P2) Ul {°- (-P2,P2)}(-P2) U 

(-pi) U ~ Ul {° (pi, -Pi)} (-Pi)" 1 o (pi) r {o - (- Pl , Pl )} (85) 

Here p\, p 2 — ±, r > 1; u, w' > and < Ut < u, < < u'. Remaining parts of subsequences larger than (85) are 
filled by c\ and/or C2 with the choices . . . p\ and p2 ■ ■ ■ excluded for the left and right part in the case iii ^ u or u[ ^ u', 
respectively. The third group lists all subsequences with two single symbols o. They may be contained in two parts 
chosen arbitrarily among (85) or in one part o( / 9 3 ) fel jo — [p, — p)} (p 4 )' C2 o. The latter are obtained by superimposing 
two parts (85) characterized by pi, u, Ui,u', u[ and pj,u, Ui,u', u[ such that the right factor {o — (p i5 — pi)} of the left 
part coincides with the left factor jo — (— Pj,p~j)} of the right part. Here the third expression in (85) or the first two 
expressions with u[ = u' may be taken for the left part and the second expression or the remaining two choices with 
u\ = u for the right part. For example, the first option in (85) for both parts leads to 

(-Pl) U ~ Ml { - (pi,-pi)}(-pi) Ml O (-p 2 ) U jo - (-P2,P2)}(P2) U ° (-P2) U1 {° - (-P2,P2)}(-P2)" (86) 

with u,u',u,u' > 0, < u\ < u and < u[ < u'. In any case, all parts Cj occupying remaining space in the 
subsequence are subject to the requirement specified below (85). Alternatively, the two single o may be found in a 
part 

(-p) m1 {° - (p, -p)}(-p) m1 o (p) v o (-pf{o (-p,p)}(-py'-< (87) 

where p — ± and v = 0, 1, 2, . . .. If u\ ^ u (or u[ ^ u'), any part c\, c 2 left (right) of (87) must be different from . . . p 
(or p • • •)• Generally, the n-th group includes all subsequences with n single symbols o. The are distributed over the 
subsequence in parts (85), (87) or in parts obtained by superimposing two or more of these according to the above 
description. Here the part (87) may be used with u[ = u 1 left of another part (85), (87) and with u\ = u right of 
another such part. All parts Ci completing the subsequence must be chosen within the requirements stated below 
(85) and (87). For K = 3, M = 4, K = 4, M = 3 or M, K > 3, the subsequences collected this way are not linearly 
independent. In particular, for suitably chosen a, b, each term in the equation 

(b o -a) - (b - oa) = (b{o - (-+) } - a) - (b - {o - (+-) }a) (88) 

is found among the subsequences specified below equation (84). Such pairs of a, b have the form 

6=...{o-(-+)} ={o-(+-)}... (89) 

or 

b = . . . {o - (+-)}(-)* a = R 4 {o - (-+)}. . . (90) 

where s, t = 0, 1, 2, Similarly, each term in 

(b + o-a) = (b+{o- (-+)} - a) 
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- (6{o - (+-) | a) + (feo{o- (+-) }a) + (b{o - (+-) } o a) - (b o o a) (91) 



is contained in the collection described above for appropriate pairs (a, b) with the form 

b = . . . {o - (+-)}, a = (-y{o (-+)}. . . or &=...{<>- (-+)}(+)«, a = {o - (+-)} . . . (92) 
with s, t = 0, 1, 2, . . .. Finally, all terms of 

(boo - a) - (b- oo a) = (b{o - ( — h)| - aj - (b - jo - (h — ) j a) 

-(bo {o - (-+)} -a) + (b- o{o - (+-)}a) - (fe{o - (-+)} o -a) + (ft - {o - (+-) } o a) (93) 

belong to the collection for suitable a and b satisfying (90). The lhs of equations (88), (91) and (93) can be removed 
from the groups of subsequences introduced above. The same applies to all subsequences obtained from (88)-(93) by 
exchanging + <-> — . 

With respect to the resulting collection 1C'(K,M) of subsequences, the elements ^("wm form a triangular matrix. 
This is demonstrated by means of a number T(a) > introduced for such a subsequence a. The first contribution 
Ti(a) to this number counts all single symbols o of a. Writing a in the form (75), this means Ti(a) = J2i=o Ul - 
To define T(a), each single o in a is substituted either by {o — ( — h)} or {o — (H — )}. In each of these 2 Tl ^ 

subsequences a', three types of replacement are carried out. The first type substitutes a part — p{o — (p, — p)} L p 
found in a' with p = ±, L = 1, 2, 3, . . . by {o — (p, — p)} i+1 . To such a replacement, the number 4L is attributed. 
The second and third type substitutes p{o — (— p,p)} L {o — (p, — p)} and {o — (— p,p)}{o — (p, — /5)} L /0 in a' by 
{o — (— p, p)} L p{o — (p, — p)} and jo — (— p, p)}p{o — (p, — p)} L , respectively. The number 2L is associated with 
each of these steps. These three replacements are repeated until no part p{o — (— p, p)} or jo — (p, — p)}p is left. In 
general, starting from a given a' several subsequences a with this property can be reached by different combinations 
of these steps. For any combination, '"(a) is introduced as the sum of the numbers attributed to each replacement 
entailed in it. Furthermore, to any part . . . {o — (p, — p)}(— p) r {° — {— p, p)} (p) s {° — (p, ~p)} ■ ■ ■ contained in a with 

p = ±, r, s = 0, 1, 2, . . . and L' = 1,2,3,.. ., the number (L' — l) 2 is attributed. Finally, denoting by Tg '"(a) the sum 
of all these numbers, T(a) is defined by 

T(a) = Ti(a) + maxf T^>) + T a 3 ' ra (a)) (94) 

a' .a \ J 

In particular, this number takes the value zero for all subsequences of the form (71)-(73). Equations (77)-(82) imply 
that T(6) < T(a) for any two subsequences a, b of the collection IC'(K, M) with ^("wf,) 7^ and a^b. With respect to 
/ l (n,«) 5 gach num ber h^y}, with a e IC'(K, M) is an eigenvalue with the corresponding eigenvector given by a linear 

combination of a and some b G K'{K, M) with /^'.^ ^ hfyf {a) and /ij"^^ ^ or ^("j^j/ij"^^) • ■ • hfefj. {b) + 
for some m > and c m G !C'(K,M). The coefficient of some subsequence 6 satisfying these properties may vanish 
as well. An example is provided by the coefficient of b = ({o — ( — h)} ) in the linear combination starting with 
a = (+{o — ( — h)}— ). The eigenvalue /i("w a ) depends on n through the contribution — k. According to (76), the 

remaining dependence on n is given by —d(a)-n, where $(a) denotes the number of terms {o — ( — h)} and {o— (H — )} 
found in a and is restricted by 1 < $(ct) < min(K,M). For given M and K, the eigenvalues with the minimal or 
maximal value of -d are readily classified. All eigenvalues with d(a) = 1 are given by n + n + r with 1 < r < max(if , M) 
and by n + n + max(if, M) + s with 1 < s < min(_ft', M). Each eigenvalue k + n + r is found 2r — 1 times for 

1 < r < min(K, M). If K ^ M, the number of eigenvalues n + n + r with min(_ftT, M) < r < max(_fi', M) is given by 

2 mu^if, M). The eigenvalue k + n + max(K; M) + s occurs 2 min(K, M) — 2s + 1 times. If M — K, the eigenvalues 

with -d(a) = M arc k + M(n + M) + r, where < r < M. These eigenvalues arc (^-fold degenerated. A similar 
pattern applies to the case i9(a) = K < M. For any set of numbers {r; = 0, 1, 2, . . -} 0<a<M satisfying J^fto r i = M — K 
there is a set of eigenvalues n + M(n + M) + r + Y^fLi ' r i w i tn < r < M. Each of these eigenvalues is ( ^-fold 
degenerated. Exchanging X with M yields the corresponding results in the case K > M. The collection IC'(K,M) 
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can be made a basis for all subsequences of the form (67) by adding the subsequence ((— ) M K (o) K ) for M > K and 
((+) K ~ M (°) M ) for K > M. According to (76)-(82), the nonvanishing matrix elements involving ((— ) M ~ K (o) K ) for 
M > K read 

/i ( "' K) \ / \ — k M > K 

( ( _)M- K(o)K ). ( ( _ )M -* (o) *) 

h ( y K) w v = -k K > M (95) 

((+) Jf - M (o) M ); ((+) K - M (o)«) 

and 

4"' K) \ / r i s =-(n + l + 5 p ,_+2L) M > K 

/A"' k) w r , v = -(n + l + <5 p ,_+2L) *T>M (96) 

for p = ± and < L < min(AT, M) — 1. As shown in appendix A, all subsequences ((— ) M ~ K (o) K ~ 1 ~ L {o — 
(p, —p)}(°) L ) and ((+) K_M (o) M_1_z, {o — (p, — p)}(o) L ) can be written as linear combinations of subsequences con- 
tained in the collection K!{K,M). Obviously, /j("> K ) is trigonal with respect to the enlarged collection K{K,M) = 
{JC'{K,M), {(-) M ~ K (o) K )} for M > K or JC(K,M) = {JC'(K,M),((+) K - M (o) M )} for K > M. An eigenvector 

of Hq with the eigenvalue h^y^ is given by a linear combination of the particular configuration containing the 
subsequence a and the infinitely many configurations obtained from it by repeated action of H with the diagonal 
element of H different from h^y^ a y 



D. General configurations 

Now the structure of a half-infinite configuration (. . . , i^j^, i 2 j 2 , iij\) with several sets of subsequences composed 
of 1*1 ± 0*0 and/or 0*1,1*0 can be specified. A general configuration may be written as linear combination of 
configurations 

({ a l( K l> M l)}l<l<T> {^+l^L> mT > {i«+l> i »}m 1 <»<m 1 + 1 ,l<KT' {j»+l.*«}l< a < mi > h) = 

> 3m 3 + l l m 3 j Jm 3 ■ • ■ 

■ ■ ■ im 2 +2i 3m 2 +2irn 2 + li a 2(K2, M 2 ), j^ 2 + 1 i m2 i Jm 2 ' ' ' V +2 j j^i +2*«U + 1 ) a l (-^1 ) ^1 ) i Jmi + 1 S J Jr*n ■ ■ ■ li^l'il) (97) 

where Mi,Ki > 1, m; + i > to; and cli{Kl,Mi) denotes any subsequence chosen from the basis K.(Ki,M{). 
The parts V+2>Jm T +2V+i and Jm !+1 +i*m !+1 , • • • i m ,+2, im !+2 , S+i with 1 < I < T - 1 as well as 
imi+iV) j„ ■ • ■ »2, J2*i) J* do not contain any of the terms (57). Only finitely many entries differ from 2. In 
analogy to the case T = 1, a number 

T 

T ({°iOKi.Afi)}i<Kr> {^+i^} s>mT > {j-+i»*«} mi < a < mi+1 ,i<i<r' i -}i< a < TOl ' ^) = M 0) (98) 

;=i 

with Y(ai(Ki, Mi)) defined by (94) may be introduced for the configuration (97). 

Two configurations A = ({^(if/.M/)}^^,, U+i,^} s>m - W+i'^Ljo^^.i^T" {#+i.*i}i< a < mi > 3i) 

and A' = ({a^M;)}^^, {j,+i,i,} a>mT , {i«+i,*«} mi <.< mi+1 ,i<i<T' z 4i< s < mi . Ji) rclatcd b y 

tiA;A' 7^ can differ in five ways. First, the second configuration may be obtained from the first by replacing 
one subsequence ai(Ki,Mi) G K.(Ki,Mi) by another subsequence a[(Ki, Mi) € K(Ki,Mi). Then 

T(A') < T(A) (99) 
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Second, the two sets of subsequences {ai(Ki, M/)} ;<T and {a[{K[, M ; ')}, <T , coincide but some entries differ. 

Third, an additional subsequence a(K,M) G JC(K,M) together with a suitable change in the entries i s ,j s may 
occur in the second configuration while all subsequences ai(Ki,Mi) of the first configuration arc kept unchanged. 
Alternatively, one subsequence ai(Ki, M[) of the first configuration is substituted by additional entries i s ,j s in the 
second configuration while all remaining subsequences of the first configuration are left unchanged. The additional 
entries i s ,j s don't give rise to any terms (57). All other cases involve a substitution of one subsequence ai(Ki,Mi) G 
K.(Ki, Mi) (or of two neighboring subsequences ai+\(Ki + \, M/ + i) G K.(Ki + \, M; + i) and ai(Ki, Mi) G IC(Ki, Mi)) by a 
subsequence from a different collection K{K[,M[) (or by subsequences from different collections K(K' l+1 , M' l+1 ) and 
1C(K' U M{)). This may be accompanied by adjustments in some entries i s ,j s not producing any terms (57). In all 
cases except the first one, 

fl(A') > n(A) (100) 

with n(B) defined by (58). Hence, the elements h,A;A' with A, A' of type (97), (67) or without any sequence (57) 
form a triangular matrix if arranged in an order indicated by (99) and (100). 

To each decomposition a t (K L ,M L ) = (b'{o-(p,-p)}b) G JC(K, M) the number ■mi+l+5 p -+\(b)+Yli= l {K v +M v ) 
with p = ± and X(b) as defined below (75) is attributed. The sum of these numbers for all such decompositions of 
cli{Kl,Ml) may be denoted by 7(0;). Then the diagonal element of Ho with respect to the configuration (97) is given 
by 

T T l-l 

- E ^ - E E^' + Mi ') 0*Jm I+ i,2 + 5 im(+1 ,2 + S lmi , + S jmi+2 ,o) 

1=1 1=2 l' = l 

T 

- J2((mi + l)S jmi+u2 + (mi +Ki+ Mi)) <S irai+1 , 2 + mi S imi , + (mj + 1 + Ki + M t )) <5 jmi+2 ,o) 
1=1 

mi 

~ ^((i — ^t,mi)y»t+iijt+i,»t + yjt,h,jt+i) 
t=i 

T-l + 1 i 

)yi t+1 ,j t+1 ,i t + (1 - *t,m,+l)j/j t ,i t ,j t+ i) 

(=1 t=mi + l fe=l 
00 T 

) (101) 

t-mT + 1 /c— 1 

If T = 1, the second terms of the first and third line in (101) are dropped. A configuration without terms (57) has 
its diagonal element given by (55) and (56). Each diagonal element of Hq on a configuration A written in the form 
(97) is an eigenvalue of Ho. The corresponding eigenvector is a linear combination of A and the configurations with 
a different diagonal element arising from repeated action of H on A. 

The values of the diagonal elements (56) and (101) have upper bounds and —2, respectively. Three vanishing 
diagonal elements are found. As stated above, the corresponding configurations are (. . . , 2*2, 2*2, i) with i = 0, 1, 2. 
For a fixed value of h,A-,A, only finitely many configurations A exist. Their structure will be investigated in the 
following section. 

VI. THE MODULE V(A 2 ) 

Choosing a value N for a given configuration (. . . ,^12,^1^1) sucn that 3n — 2Vn > N + 1 and i n = 2Vn > N, 
the numbers 

N 

hl({- ■ ■ ,^3*2,^2*1) Jl)) = -<Wl,0 - <Wl,l + E^ 1 "' + ^n> 1 - ^n.° ~~ 

71=1 
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N 

h 2 {{- ■ ■ , 3th, 3 2 h,3i)) = <Wi,i +^jv+i,2 + +6j n ,2 - S in ,i - 6 in , 2 ) (102) 

n=l 

may be used to define an action of hi and h 2 on (. . . , j£i 2 , j 2 ii, j± )• In the following, for each configuration the numbers 
fti, /12 and value Ho of the diagonal element of Hq on (. . . , j£i 2 , j 2 ii, ji) will be collected writing (Ho, hi, h 2 ). For the 
configurations (. . . , 2*2, 2*2, i*) the definitions (102) yield (0, 0, 1), (0, -1, 1) and (0, -1,0). According to the remarks 
at the end of the last section, all other configurations have lower values Hq- From (56), the configurations with the 
value H = -1 are (. . . , 2*2, 2*2, 2*i, j*), (. . . , 2*2, 2*2, j*), (. . . , 2*2, 2*2, 1*2, j* ) and (. . . , 2*2, 2*2, 0*0, j*) with 
i,j = 0,1. To these, (102) assigns the values (-1,-2,0), (-1,-2,1) and (-1,0, k), (-1,-1, k) with k = 0,1,2, where 
(—1,0, 1) and (—1, —1,0) are twofold and (—1, —1, 1) is threefold degenerated. 

These values may be compared to the weight components associated to weight components of the irreducible module 
V(A 2 ) at level one. The latter is characterized by a unique highest weight state |«) with the properties 

ei|«)=0 hi \k) = <5 i;2 \k) fori = 0,1,2 (103) 

All states in the module are generated by the action of fi on \k). The eigenvalues of hi on such a state may be denoted 
by Xi, i = 0, 1, 2. They provide the coefficients of Aj in the expansion of an affinc weight in terms of the fundamental 
weights and 5. At level one, the coefficient Ao of Ao is given by 1 — Ai — A2. To specify a weight, the three coefficients 
are written in the form [Ao, Ai, A 2 ]. With the action of the grading operator d on the highest weight state fixed by 
d \k) = 0, the eigenvalues of d on any weight state are called its grade. According to (103) and the defining relations 
(l)-(5), the following weights are found in V(A 2 ) at grade and —1: 

[-1,0,2]! 

/ \ 
[0,0, 1] 2 [0,-1,2]! 

/ \ / 

[1,-1, l]i [1,0,0]! [1,-1, 1] 3 ( 104 ) 

/ \ / \ 

[2,-l,0]i [2,-l,0] 2 [2,-2,1]! 

\ / 
[3,-2,0]i 

Here the left and right part of the diagram refers to the weight space at grade and —1, respectively, and the 
subscripts denote the multiplicity of the weights. Arrows pointing southwest (southeast) indicate the action of fi 
(f 2 ). Identifying the grade of a weight state with the value Ho associated to the configurations listed above, a one-to- 
one correspondence between the pairs Ai, A2 and the values hi, h 2 is found at grade and —1. This correspondence 
applies to the next three lower grades, too. 

The states of V(A 2 ) at a fixed nonvanishing grade can be arranged arranged in a finite number of separate sets 
labeled by pairs (Ai, A2) with Ai > and A 2 > 0. A set labeled by will be called 7r(Ai, A 2 ) in the following. It contains 
4(Ai + A 2 ) states with weights(l - Ai — A 2 , Ai, A 2 ), (1 + 2/i - Ai - A 2 , Ai - /j,, X 2 - /j,), (2/jl - \i — X 2 , \i — fi+ 1, A 2 - fi) 
and (2fi — Xi, — X 2 , Xi — fi, X 2 — /j, + 1) with < \i < Xi + X 2 . The multiplicity is two for each weight (1 + 2fi — Ai — 
A 2 , Ai — yu, A 2 — fi) with < fi < Xi + X 2 and one for all others. For the four lowest nonvanishing grades, the pairs 
(Ai, A 2 ) are listed in the following table with the multiplicity specified by a subscript: 



grade — 1 


grade — 2 


grade — 3 


grade — 4 


[0,2]! 


[l,2]i 


[1,2] 2 


[1.3]i 


[0,1] 1 


[0,2] 2 


[0,3]i 


[1.2] 8 




[o,i] 2 


[l,l]i 


[0,3] 2 




[-1.2]i 


[0,2] 5 


[1.1] 3 






[o,i] 4 


[0,2] 10 






[-1.2] 2 


[0, 1] 8 








[-1,2] 5 








[-l,3]i 



(105) 



[0,0,1]! 

\ 
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Collecting all configurations with Hq given by —2,-3, —4 reveals that the number of configurations with values 
(Ho,hi,h2) coincides with the multiplicity of the weight (1 — hi — J12, hi, J12) at grade Hq. Thus the one-to-one 
correspondence between CTM-configurations and weight states of the module VXA2) at level one is confirmed down 
to grade —4. 

Equation (101) is involved in the evaluation for the diagonal element of Ho on the configurations (. . . , 2*2, 2*2, 2o0*) 
and (...,2*2,2*2,2o 1*) at grade -2, on (. . . , 2*2, 2*2, 2 o 2*), (. . . , 2*2, 2*2{o - (+-)}j*), (. . . , 2*2, 2*2, 2*i o j*), 
(...,2*2,2*l,0o j*), (. . .,2*2, 2*2, + j*), (...,2*2,2*2,-o j*) and (. . . , 2*2, 2*2 o 1*, 2j*) with i,j = 0, 1 at grade 
—3 and on 57 configurations at grade —4. 

Due to (56), a configuration (. . . , 2*2, 2*2, j* +1 i n , j'*«„_i, . . . JfaJZiiji) with ±2 or = 2, i n ± 2 not 
containing any subsequence (57) has the diagonal element of Hq bound by — n(n + 1) < Hq. In particular, the value 
of the lower bound is taken for the configuration (. . . , 2*2, 2*2, 2*(0, 2*)™). As is easily verified from (56) and (101), 
all other configurations with the values (Hq, n, n + 1) satisfy Hq < — n(n + 1). The corresponding state in V(A 2 ) is 
. . . E 2 _!+E 2 _!+ Ej+ . . . E]^E]^ \k) with weight {-2n, n, n + 1) and grade -n(n +1). At level one, f \k) = 0. 
Because of this property and (11), any other state in V(A 2 ) with the same weight has a lower grade. 

Generally, the weights (— to — n, to, n+1) and (2 + m + n, — n — 1, —to) with n > to > appear in the module V(A2) 
at grades bounded from above by —\n(n + 1) — \m(m + 1). At grade < —\n{n + 1) — \m{m + 1) the multiplicity is 
one. In terms of Drinfeld generators, the corresponding states read 

E 2 J+ . . . E 2 J+E 2 J+ E 1 ^ . . . EhtEht \k) and (hf 2 ) m+n+1 E 2 J+ . . . E 2 J+ E 2 j+ E 1 * . . . E'j+E 1 ^ \k) (106) 

Besides, the weights (1 — n,—l,n + 1) and (1 + n,—n — 1,1) are found at grade — in(n + 1) with multiplicity 
one. The corresponding states E^ . . . E 1 ^ E^t |«> and ^'"(Eo'"^'")" . . . E^+E 1 ^ \k) belong to the 
set 7r(0,n + 1) at this grade. For the grade -iji(n + 1) — 1, the multiplicities of the weights (— n — 1,1, n + 1), 
(— n, 0, n + 1), (1 — n, — 1, n + 1) and (2 — n, —2, n+1) are 1, 3, 3 and 1, respectively. Hence, the last two weights 
are contained in a set 7r(— 1, n+1) with the weight (1 — n, —1, n+1) related to the state E 2 ^ E^ . . . E^£ E^t \k). 
Similarly, sets 7r( — to, n + 1) with n > m > are present at any grade < —\n(n + 1) — |m(m + 1). Exactly one set 
is found at grade —\n(n + 1) — ^m(m + 1). The state corresponding to its weights are generated by acting with fi 
and ji on the states 

E 2 !' . . . E^E 2 ^ E 1 ^ ■ ■ ■ E^tEht |«> n > m > (107) 

For n > to > 0, the weights (1 + 2k + m — n, — m — fc — l,n+l — fc) with < k < n + to contained in the sets labeled 
by (—to, n+1) have multiplicity one at the maximal grade. 

In addition, sets 7r(n + TO+l, n+1) with m, n > appear at all grades < — (n+l)(n + m + l) — |(m+l)(m+2) — <5„ ; o- 
Again, there is exactly one set at the maximal grade. The states related to its weights arise from the action of /1 and 
h on 

E x 2i E^E^t |k) n = to = 

Ehi E 2 _:+ m+2) . . . E 2 J+E 2 J+ E^+Eht |k> n = 0, to > (108) 

E% +m+2) . . . ^+ + 3 ) ^+ +2) E 2 J+ . . . E 2 4E 2 4 Eh+ . . . EhtEht \k) n > 0, to > 

At the maximal grade — (n + l)(n + m+ l) — 2 (to + l)(m + 2) — 5 n fi, the weights (n + to — fc, n — fc) with n > 0, to > 
and < fc < 2n + to found in the sets (n + to, n + 1) have multiplicity one. The complete collection of all states 
with multiplicity one present in the level-one module V(A 2 ) is obtained by adding the zero-grade states \n) and 
E '~E '~ \k) to those listed so fare. 

The weights belonging to the sets 7r(m,n) for to > and n > exhaust all weights in the module F(A 2 ) at level 
one. The upper bounds for the grades with a set 7t(to, n) with n > to > present should be compared with the 
maximal diagonal clement of H for the configurations with eigenvalues hi = m, J12 = n and hi = — n, h 2 = —to. 
From (56) and (101), these are the configurations 

(. ..,2*2,2*2,2*(0,l*)"- m (0,2*) m ) and (. . . , 2*2, 2*2, 2*(2, l*)"- m (2, 0*) m+1 ) n > to > (109) 

with H = —\n{n + 1) — ^to(to + 1). There are no other configurations with the same values {Hq, hi, J12). Therefore 
the configurations (109) can be viewed as counterparts of the states (106). 

Moreover, configurations with hi = —to — 1 — fc, h 2 = n + 1 — fc with < fc < n + to are found only with 
Hq < —\n{n + 1) — |m(m + 1). The maximal value of Hq is attributed to the configurations 
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(. . . , 2*2, 2*2, 1*(0, 1*2, l*) m (2, l*) fe (0, n > to > 0, < fc < n + to (110) 

Thus the configurations (110) can be related to the states E%'~ (Eq'~ Eo'~) k Ej+ ■ ■ -E^ 2 E -i \ K ) for m = and to 
£o'~ i E o~ E o~) kE -m ■ ■ ■ E -2 E -i E -n ■ ■ ■ E -t E -t l K ) for m>0. The weights of these states are part of the sets 
7r(— to, n + 1) at grade —^n(n + 1) — ^m(m + 1) with n > m > 0. 

Configurations with hi = m + 1 — k and h 2 — — k with to > and < k < m + 1 exist with -ff < — \{m + 2)(m + 3) 
with the maximal value of ffo valid for the configurations 

(. . . , 2*2, 2*2, 2*(1, 0*) fe+1 (l, 2*) m+1 - fe ) to>0, < k < to + 1 (111) 

Finally, configurations with hi = n + m — k and /12 = n — k with n > 0, to > and < fc < to + 2n are present 
only with H < —(n + m)(n + 1) — \m{m + 1). In the case n = 1, the maximal value of f/o is attributed to the 
configurations 

(...,2*2,2*2,2*(l,2*) m+1 ) forfc^O 

(...,2*2,2*2,0*(l,0*) fc - 1 ( 1 > 2 *) m+2 ~ fe ) forl<fc<TO+l (112) 

(. . . , 2*2, 2*2, 2*(1, 0*) m+1 ) for k = to + 2 

with to > 0. If n > 1, the maximal value of -ffo applies to the configurations 

(. . . , 2*2, 2*2, 2*(1, 2*) m+1 (0, 2*)™- 1 ) for k = 

. , 2*2, 2*2, 0*(1, 0*) fc - 1 ( 1 > 2*) m+2 - fe (0, 2*)"- 1 ) for 1 < k < to + 1 

(. . . , 2*2, 2*2, 0*(1, 0*) m (2, 0*)'2, 2*1, 2*(0, 2*)"-'- 2 ) for k = to + 21 + 2, < Z < n - 2 (113) 

. , 2*2, 2*2, 0*(1, 0*) m (2, 0*)' +1 l, 2*(0, 2*)"- ; - 2 ) for k = to + 2Z + 3, < I < n - 2 

. , 2*2, 2*2, 0*(1, 0*) m (2, 0*)™- 1 !, 0*) for k = to + 2n 

with to > 0. The configurations (111), (112) and (113) are counterparts of the states with weights (1 + 2k — 2n — 
m,n + to — k,n — k) in the set labeled by (to + n, n + 1) at grade — (n + m)(n + 1) — |m(m + 1) for any n, to > 0, 
n + to > . 

As is easily verified from (56) and (101), the values (Hq, hi, T12) for a configuration with Ho determined by (101) 
are shared by at least two different configurations. If (56) covers the evaluation of Ho for a configuration containing 
a subsequence (1*1 + 0*0), the value of Hq does not change when replacing this subsequence by (1*1 — 0*0). The 
values hi , hi for any other configuration with H determined by (56) can be attributed to a weight in one of the sets 
7r(m, n) related to the configurations (109)-(113) as specified above. Again the grade coincides with the value Hq. 
For example, (. . . , 2*2, 2*(2, 0*) fe 2, 1*(0, 2*) n ~ k ) with < k < n and (. . . , 2*2, 2*(2, 0*) fc 2, 1*2, 2*(0, 2*)"- fe - 2 ) with 
< k < n — 1 correspond to the weights (1 + Ak — 2n, n — 2k — 1, n — 2k + 1) and (3 + 4fc — 2n, n — 2k — 2, n — 2k) 
of the set 7r(n,n + 1) at grade —n(n + 1), n > 1. Due to the weight structure of the sets, any values (Hq, hi, h 2 ) 
different from (-|n(n + 1) — ^m(m + 1), to, n + l) , ( — jn(n + 1) — ^m(m + 1), — n — 1, — m) with n > m > or 
(— \n{n + 1) — \m{m + 1), —to — k — 1, n + 1 — k) with u>to>0, 0<fc<n + TOor (— (n + m)(n + 1) — |to(to + 
1) — Sn,o, n + m — k,n— k) with n,m > 0, n + m > and < k < 2n + to or (0, — k, 1 — k) with k = 0, 1 occur more 
than once. 

Thus each state contained in the irreducible level-one module V(A 2 ) with multiplicity can be mapped onto exactly 
one of the CTM-configurations with a nondegenerated triple (Ho, hi, h 2 ) and vice versa. This observation as well as 
the result on all states at grade to —4 support the conjecture that the CTM-configurations (. . . ,j^i 2 , j 2 ii, j{) and 
the weight states of V(A 2 ) at level one are in one-to-one correspondence. 

VII. APPENDIX A 

All subsequences generated by the action of h {n ^ on ((-) M ~ K (o) K ) for M > K or from ((+) K ~ M (o) M ) for K > M 
have to be expressible as linear combinations of the same terms and subsequences contained in the groups specified 
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by (83)-(93), HJC{K,M) = {K.'(K,M), (R M ~ K \o) K )} for M > K or K{K,M) = {K'{K,M), ((+) K ~ M (°) M )} for 
K > M is to provide a basis of all subsequences of the form (67) with the same values of K and M. 

It is convenient to consider the case K = M first. The relevant subsequences are then given by ((o) M_1_I, {o — 
(p, —p)}(°) L ) with p = ± and < L < M — 1. For K = M = 3, the required rewritings read 

({o - (+-)} o o) = -({o - (+-)}{o - (- + )} 2 ) + ({o - (+-)} o {o - (-+)}) + ({o - (+-)}{o - (-+)}o) 

-({° - (+-)} - {° - (+-)}+) + ({° - (+-)} - °+) ( 114 ) 

and 

(o o {o - (+-)}) = _({o - (- + )} 2 {o - (+-)}) + ({o - (- + )} o {o - (+-)}) + (o{o - (_+)}{o - (+-)} 

-(-{° - (+-)} + {° - (+-)}) + (- ° +{° - (+-)}) (115) 

Exchanging + <-> — in (114), (115) yields ({o — (— +)} ° o) and (o o {o — (—+)}) in terms of subsequences of /C'(3, 3). 
These expressions and (114), (115) may be combined to rewrite a subsequence built from several terms (o) fc with 
k = 1, 2 separated by {o — (— +)} and/or {o — (H — )} in terms of subsequences contained in fC'(M, M). The equations 

(4° - (-+)}(+)* ° R r ) = (4° - ° (-r 1 ) + (4° - (-+)}(+) s {° - (+-)}(+) r ) 

-(4° - (-+)}(+) s+1 {° - (-+)}(+r x ) (H6) 

with s > 0, r > 1 and a part a as described below (75) allow to reformulate ({o — (H — )} o o (+) r ) in terms of 
subsequences found in fC'(r + 3, 3): 

({o - (+-)} o o (+D = _({o - (+-)}{o - (-+)} 2 ) + ({o - (+-)} o {o - (+-)}(+D 

+({° - (+-)}{° - (-+)}(+r°) + E(l° - (+-)}{° - (-+)}(+)*{° - (+-)}(+r 4 ) 

t=0 

-E({° - (+-)}{° - (-+)}(+)*{° - (-+)}(+r t ) 
*=i 

"({° - (+-)} - {° - (+-)}(+) r+1 ) + ({° - (+-)} - °(+) r+1 ) (H7) 

Furthermore, {o — (n — )} in (114) and the leftmost term {o — (H — )} in (117) can be substituted by {o — (H — )}(— ) s 
with s — 1,2,3,.... Reversing the order of symbols and exchanging + <-> — provides expressions for ( ( — ) r oo(+) s |o — 
(H — )}), ({o — ( — h)}(+) s o o (-) r ) and ((+) r oo(-) s {o-( — I")})- Equation (114) may be generalized starting from 

({° - (+-)}(°) M - 1 ) + ("l) n ({o - (+-)}(-+) M - 1 ) = 

({o-^xo-^r-^ 

M-2 M-r-1 M-r-l-fci M-r-l-fei-fe 2 M-r-l-fci-...-fc r _i 

+ E(-D r EE E - E 

r=l fei=0 fc 2 =0 fe 3 =0 fc r =0 

({o - (+")}{o - (-+)} fel o {o - (-+)} fe2 o . . . o {o - (-+)} k r o{o- { _ +)} M-r-l- kl -...- kr ^ (n8) 

Again, the leftmost term {o — (H — )} may be replaced by {o — (n — )} — . In order to obtain an expression for 
({o - (H — )}(o) M " 1 +) or ({o - (H — )} - (o) M - 1 +) by inserting a symbol + left of the right border of (118), an 
appropriate rewriting of (a{° — ( — 1-)}(°)"+) is required: 
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(a{o - (-+)}(o)»+) + (-l)»(a{o - (-+)}(+-)"+) = 
= («{°-(-+)}{° -(+-)}"+) + 



n — 1 n— r n — i — k\ n—r—k\—k 2 n—l fci — fe2 — — fcr-l 

+E(-!) r E E E •■• E 

r=l fe 1= k 2 =0 k 3 =0 k r =0 

(a{o - (_+)}{o - o {o - o . . . o {o - (+-)}*- o {o - (+_)}—^--*' + ) (119) 

On the other hand, 

(4° - (-+)} + (°)") + (-l)"(a{o - (-+)} + (-+)») = 

= («{°-(-+)} + {° -(-+)}")+ 

n—l n — r n— r — fei n— r— fei— k 2 n ~ 1 ki — k 2 — ...—k, — i 

+E(-D"E E E ■•■ E 

r=l fci=0 fe 2 =0 fe 3 =0 fe r =0 

(«{° - (-+)} + {° - (-+)} fel o {o - (-+)}* o . . . o {o - (-+)}<- o {o - (_+)}»—*—-*-) (120) 

A reformulation for the first term on the lhs of (120) is provided by replacing the left most term {o — (n — )} in (118) 
by {o — (+—)} — , switching all signs and adding the piece a at the left border. Combining this with equations (119) 
and (120) leads to an expression of ({° — (H — )} — (°) M_2 +) analogous to the equation (118) for ({° — (H — )}(°) M_1 )- 
Use of this expression in 

- (+-)} - (°) m - 2 +) - (-i)"({° - (+-)}(-+) m - 1 ) = 
({°-(+-)}-{°-(+-)} M - 2 +) 

M-3 M-r-2 M-r-2-fei M-r-2-ki-k 2 M-r-2-fei-...-fe r _i 

-E(-r EE E ••• E 

r=l fei=0 fe 2 =0 fe 3 =0 k r =0 

({o - (+-)} - {o - (+-)}* 1 o {o - o . . . o {o - (+-)}*"{o - (+ _ )} M-,-2- fel -...-,^ (121) 

and comparison with (118) yields an rewriting of ({° — (H — )}(°) M_1 ) m terms of subsequences involving lower powers 
of o. Analogous expressions for ((o) M_1 {o — (H — )}), ({o — (— +)} (o) M_1 ) and ((o) M_1 {o — (—+)}) are obtained 
by reversing the order of symbols and/or exchanging + <-> — . These may be combined to provide reformulations of 
subsequences containing powers (°) m with m < M — 1 separated by {o — (— +)} and/or {o — (H — )}. Together with 
(114)-(117), this ensures the existence of rewritings of (a{o — (p, — p)}(o) n ) and ((o)"{o — (p, — p)}a) in terms of 
subsequences of 1C'(K, M) with if, M according to the piece a. Hence all subsequences ((o) M_1_i {o — (p, — p)}(o) L ) 
can be reformulated as linear combinations of subsequences found in fC(M,M). Continuing along this lines it is 
straightforward to give such rewritings for any subsequence of the form (67) with K = M. 

For M > K, all subsequences ((_)M-x-t -ti (_y K _ . _ (_)t 2 (_)ti (_)t ) w i t h tl > V/ and M-K- 

Yld=o ti — can be rewritten in terms of ((— ) M ~ K (°) K ) and subsequences of fC'(K, M). This is easily demonstrated 
in the case K = 1: 

= ((-) M - 1 - L {° - (+-)}R L ) - (R M - 2 -> - (-+)}R L+1 ) (122) 
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for < L < M — 2. Hence all subsequences can be obtained by adding ((— ) M 1 o) to the collection )C'(1,M). Of 
course, any other ((_) M -!- L (— ) L ) would be appropriate as well for supplementing fC'(l, M). Similarly, for K = 2, 

= ((-) M - 3 - L {° (-+)}(-) i+1 o) - ((-) M - 2 - L {o (+-)}(-) L o) (123) 
for < L < M — 3. The rhs of (123) can be expressed in terms of subsequences of IC'(2, M) using 

((-) M - 2 - L {o (-+)}(-) L - L ' o (-f) = ((-r-*- L {o o (-f^)+ 

+ ((-)M-2-L {o _ ( _ +)}( _ ) L- i ' {o _ (+_)}(_)*) - ((-)""»-> - (-+)}(-) i - i ' +1 {° - (- + )}R L ' +1 ) (124) 

with < L < M — 2 and < L' < L. The order of symbols may be reversed. Thus, any ((_) M -2-£ (— ) L o) or 
(o(-) L o (_)M-2-L) can be ex p resse d by ((-) M ~ 2 o o) and K,'{2,M). Moreover, the rhs of 

((_)M-3-L-L' D ( _)L+1 D ( _)L'^ _ ^_ )M -2-L-L< Q ( _jL Q ( _)L') = 

= ((-) M - 3 - L - L '{o - (-+)}R i+1 o (_)^) - ((-)"-»-^'{o - (+-)}(-) L o (-f) (125) 
with L' > 1 and 0<i<M — 3 — L' can be rewritten in terms of the same set of subsequences by repeated use of 
(R M - 2 - L {° - (+-)}(-) L - L ' o (-) L ') = ((-) M - 2 - L {o - (+-)}(-) L - i,+1 o (-)^'- 1 ) + 

+ ((-)M-2- i{o _ (+ _ )}( _ ) L- i ' {o _ (_+)}(_)*) - ((-)^ 2 ^{o - (+-)}(-) L - L '^{o (+-)}(-f^) (126) 

for < L < M — 2 and 1 < L' < L. The order of symbols may be reversed in (125) and (126). This accounts for the 
required rewriting of any subsequence ((_)*f-2-L-L' (_)£ (-) L ') with < L < M - 2 and 0<L'<M-2-L. 
Continuing with this procedure the statement is readily extended to all subsequences of the form (67) with K = 2. 
Upon repeated application of 

(6-oo)-(6o -a) = (b - {o - (+-)}a) - (b{o - (-+)} - a) (127) 

the above procedure for K = 2 generalizes in a straightforward manner to general K < M. Switching all signs and 
exchanging M <-> K yields the corresponding formulae for the case K > M. 
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